In this paper, a numerical scheme is proposed to solve singularly perturbed differentialdifference equations with boundary layer behaviour using two fitting factor inserted at convective and diffusion terms. The singularly perturbed differential difference equation is replaced by an equivalent two point singularly perturbation problem. Then to handle the boundary layer, a two parameter fitted scheme is derived and it is applied to get the accurate solution. Model examples are solved using this approach and numerical results along with graphical representation are shown to support the method.
Introduction
A singularly perturbed differential-difference equation is a differential equation in which the highest order derivative terms is multiplied by a positive small parameter and involving at least one delay or advance term or both. Such problems arise frequently in the study of human pupil light reflex [9] , control theory [2] , mathematical biology [11] , etc. The mathematical modeling of the determination of the expected time for the generation of action potentials in nerve cells by random synaptic inputs in dendrites includes a general boundary value problem for singularly perturbed differential-difference equation with small shifts. Different numerical methods were proposed to solve singularly perturbed problems by Roberts [18] , Bender and Orszag [1] , O'Malley [12] , and Miller et al. [10] .
In [8] , Lange and Miura considered boundary-value problems for singularly perturbed linear second-order differential-difference equations with small shifts. In particular, this paper describes on problems with solutions that exhibit layer behavior at one or both of the end points of the interval. The analyses of the layer equations using Laplace transform lead to novel results.
Numerical study for approximating the solution of SPDDE given by Kadalbajoo and Sharma [6] with mixed shifts. In [4] Kadalbajoo and Kumar presented a technique based on piecewise uniform mesh and quasilinearization process for SPDDE with small shifts. Pramod et al. [13] presented an exponentially fitted finite difference scheme to solve second order singularly perturbed delay differential equation with large delay using cubic spline in compression. Ravi Kanth and Murali [17] presented a numerical scheme for a singularly perturbed convection delayed dominated diffusion equation via tension splines. In this method, a fitting factor is introduced to the highest derivative of the differential equation and solved by tension splines.
Chakravarthy and Rao [14] proposed a modified fourth order Numerov method is presented for solving singularly perturbed differential-difference equations of mixed type. Authors constructed a special type of mesh, so that the terms containing shift lie on nodal points after discretization. This finite difference method works nicely when the delay parameter is smaller or bigger to perturbation parameter. In [16] , Ravi Kanth and Murali has given a numerical method based on parametric cubic spline for a class of nonlinear singularly perturbed delay differential equations. Quasilinearization process is applied to reduce the nonlinear singularly perturbed delay differential equations into a sequence of linear singularly perturbed delay differential equations. To handle the delay term, they have constructed a special type of mesh in such a way that the term containing delay lies on nodal points after discretization. Ravi Kanth and Murali [15] discussed an exponentially fitted spline method for singularly perturbed convection delay problems. Authors proved that the method is independent of the perturbation parameter.
In this paper, Section 2 deals with the numerical scheme for the solution of the problem on the left-end and right-end boundary layer cases. Convergence of the proposed method is discussed in Section 3. Model examples are solved using this approach and numerical results along with graphical representation are shown in Section 4. Discussions and conclusion is presented in last Section.
Description of the Method
Consider singularly perturbed differential-difference equation of the form:
subject to the interval boundary conditions Applying Taylor series expansion in the vicinity of the point x, we have
Using Eq. (4) and (5) in eq. (1), we get singularly perturbed boundary value problem of the which is asymptotically equivalent to eq. (1) and is of the form:
with boundary conditions
where
and
The conversion from eq. (1)-(3) to eq. (6)-(8) is admitted, because of the condition that 0 < δ 1 and 0 < η 1 are sufficiently small (ref. [3] ). Thus, the solution of eq. (6)-(8) will provide a good approximation to the solution of eq. (1)-(3).
Solution of eq. (6) can be described by the roots of the characteristic equation
This equation produces two continuous functions
Left-end Boundary Layer
Discretize the domain [0, 1] into N equal subintervals with mesh size h = 1 N , so that x i = x 0 + ih, i = 0, 1, 2, . . ., N are the nodes with 0 = x 0 , 1 = x N . We consider the difference scheme for eq. (6)-(8) as:
with
where σ i (ρ) and τ i (ρ) are the fitting factors determined so that the solution of the corresponding homogeneous differential equation is the exact solution of the corresponding homogeneous difference eq. (13).
Here
Substituting eq. (11) and eq. (12) in the corresponding homogeneous difference equation of eq. (13), we can determine the fitting factors
The tridiagonal system of the eq. (13) is
The tridiagonal system eq. (17) is solved using discrete invariant imbedding algorithm using the boundary conditions eq. (14).
Right-end Boundary Layer
Discretize the domain [0, 1] into N equal subintervals with mesh size h = 1 N , so that
We consider the difference scheme as:
where σ i (ρ) and τ i (ρ) are determined so that the solution of the corresponding homogeneous differential equation is the exact solution of the corresponding homogeneous difference eq. (18).
Substituting eq. (11) and eq. (12) in the corresponding homogeneous difference equation of eq. (18), we can determine the fitting factors
The tridiagonal system of the eq. (18) is εσ i
The tridiagonal system eq. (22) is solved using discrete invariant imbedding algorithm using the boundary conditions eq. (19).
Convergence Analysis
Matrix-vector form of the tridiagonal system eq. (13) is
where A = (m i j ), 1 ≤ i, j ≤ N − 1 is a tridiagonal matrix, with
i.e., truncation error in the difference scheme is of O (h).
We also have
whereȲ = (ȳ 0 ,ȳ 1 , . . . ,ȳ N ) t denotes the actual solution and T (h) = (T 0 (h), T 1 (h), . . . , T N (h)) t is the local truncation error. Using eq. (23), eq. (24) and eq. (26), we get
Thus the error equation is
where E =Ȳ − Y = (e 0 , e 1 , . . . , e N ) t . Clearly, we have
Since 0 < ε 1, the matrix A is irreducible and monotone. Then, it follows that A −1 exists and its elements are non-negative. Hence using eq. (27), we get
Letm k,i be the (k, i)th element of A −1 . Sincem k,i ≥ 0, from the theory of matrices we have
Therefore,
for some i 0 between 1 and N − 1 and B i o = −Q i .
We define
Using eq. (23), eq. (28) and eq. (31), we get
where k = τp i y i 4 is a constant.
Therefore, using eq. (32), we have
i.e., our method reduces to a first order convergent on uniform mesh.
Numerical Experiments
Example 1. Consider problem having the boundary layer at the left-end
Numerical results with comparison are presented in Table 1 and Table 2 . The boundary layer behaviour is shown graphically in Figure 1 and Figure 2 with different values of δ and η. Numerical solutions in comparison to the other methods are presented in Table 3 . Graphical representation of the boundary layer behaviour is shown Figure 3 and Figure 4 with different values of δ and η. Computational results with comparison are presented in Table 4 . The boundary layer behaviour is shown graphically in Figure 5 and Figure 6 with different values of δ and η. 
Discussions and Conclusion
In this paper, a numerical scheme with two fitting factors which are inserted at convection and diffusion terms is proposed to solve singularly perturbed differential-difference equations with boundary layer behaviour. Initially, the given problem is reduced to an equivalent two point singularly perturbation problem using Taylor series on deviating terms. Then to handle the boundary layer and to get more accurate solution, two fitting factors are inserted in the scheme. Convergence of the method is analyzed. Model examples are solved using this approach and comparison with other methods in the literature is shown to justify the method. From the numerical results, we noticed that the proposed method produces very good results. Graphical representation of the boundary layer in the solution of the examples is shown in figures. Finally, we observed that the proposed is easy to implement and gives accurate results in comparison to the other methods. The proposed method is easy to implement with less computational work.
